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In recent years, much effort has been spent to extend the runtime of battery-powered electronic ap-
plications. In order to improve the utilization of the available cell capacity, high precision estimation
approaches for battery-speciﬁc parameters are needed. In this work, an approximate least squares
estimation scheme is proposed for the estimation of the battery state-of-charge (SoC). The SoC is
determined based on the prediction of the battery's electromotive force. The proposed approach allows
for an improved re-initialization of the Coulomb counting (CC) based SoC estimation method. Experi-
mental results for an implementation of the estimation scheme on a fuel gauge system on chip are
illustrated. Implementation details and design guidelines are presented. The performance of the pre-
sented concept is evaluated for realistic operating conditions (temperature effects, aging, standby cur-
rent, etc.). For the considered test case of a GSM/UMTS load current pattern of a mobile phone, the
proposed method is able to re-initialize the CC-method with a high accuracy, while state-of-the-art
methods fail to perform a re-initialization.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Users of portable electronic devices are expecting long oper-
ating runtimes, short charging durations and long system lifetimes
at preferably low cost. Beside the enhancements of battery tech-
nologies much effort is spent to improve the utilization of the cell
capacity. This demands high precision estimation approaches for
battery-speciﬁc parameters.




B.V. This is an open access article udetermination of the internal states of a battery [1e7]. Exemplary
methods for the estimation of the state-of-charge (SoC), or rather
the depth-of-discharge (DoD), are the Kalman/H∞ ﬁlter [8e11], the
Luenberger [11e13] and the sliding mode observer [14e16]. The
uncertainty of the individual parameters of the used battery model
is the major cause of the performance degradation of these
methods. For practical SoC estimation, typically the Coulomb
counting (CC) method [17] is used. The use of CC, however, may
result in a quite high error for the determination of the SoC. This
implies estimates of low quality for system parameters like the
operational runtime. Amongst others, the most critical error sour-
ces are the uncertainty in the capacity and the initial SoC of the
battery, as well as the accumulation of measurement errors. In
order to compensate for that, the CC-method is typically recali-
brated regularly based on the measurement of the battery's open-nder the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).
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reached after (quite long) phases of no or low loads. Unfortunately,
relaxed states only appear rarely in practice e mainly due to peri-
odic discharge activities which are e.g. caused by frequent/periodic
radio transmissions (i.e. UMTS). In Ref. [19], the SoC is determined
based on the estimate of the electromotive force (EMF) while the
cell is under load. Recently, also predictive EMF estimationmethods
have been presented, capable of predicting the SoC based on a
forecast of the EMF during phases of no or low loads [4,5], [20e22].
In this work a novel EMF prediction method is presented whose
capability is demonstrated based on the estimation of the SoC. First
of all, an estimation scheme is introduced which uses a simpliﬁed
version of the so-called approximate least squares (ALS) algorithm
[23,24]. In addition a novel model description for the voltage
transients during phases of no or low loads is presented, used in
order to describe the characteristic of the transients for different
operating conditions and different cell chemistries. Then, an OCV
extrapolation method is presented which allows for an improved
re-initialization of the CC-method. Different to thework in Ref. [21],
in this paper the EMF is predicted based on a novel model
description, and based on the application of the extremely low
complex ALS estimator. The performance of the proposed method
is then compared to state-of-the-art implementations [4,20e22] on
the basis of a ﬁxed-point implementation of the considered esti-
mation schemes. In Refs. [21,22], only the information obtained
during the battery's relaxation phase has been used for performing
the OCV extrapolation. In order to achieve a high accuracy, we
additionally propose to use information of the charge/discharge
phase, and information of the battery characterization phase for the
extrapolation step. The presented approach is analyzed regarding
realistic operating conditions, like a low ambient temperature.
Moreover, the proposed method is tested for the case of a GSM/
UMTS load current pattern of a mobile phone.
In Section 2, the proposed ALS estimator is introduced, and then
applied for SoC estimation in Section 3. Design guidelines and
experimental results for an implementation of the estimation
scheme on an Inﬁneon fuel gauge system on chip [25] are pre-
sented in Sections 4 and 5. For validation, measurements of
different cell chemistries are used: a 2.25 A h Sanyo UR18650A
LieIon cell [26] and a 1.9 A h Sony US505456 LiePo cell [27]. Section
6 concludes the paper.
2. Estimation scheme
This section presents the concept and the key properties of the
proposed ALS estimation scheme. In literature, a variety of different
approaches have been proposed for ﬁnding the solution bx of a
linear LS estimation problem, described by
y ¼ Hx þ n (1)
bx ¼ arg min
x2<
JðxÞ; (2)




ðyi  hTi xÞ2 ¼ ðy HxÞTðy HxÞ; (3)
with H2ℝmp a known observation matrix, y2ℝm1 a given
measurement vector, x2ℝp1 an unknown parameter vector that is
to be estimated, and n2ℝm1 a noise vector. yi indicates the ith
element of y and hTi represents the ith row of H. bx may be deter-
mined by different state-of-the-art LS estimation schemes, like the
batch LS (BLS) [28], the iterative LS (ILS) [29] or the sequential LS(SLS) estimator [28]. These estimation methodologies are brieﬂy
recapitulated in Appendix A. Algorithms used for solving the LS
problem are assessed regarding the following properties: the
computational complexity, the numerical stability, the estimation
accuracy, the convergence speed and the applicability. By analyzing
(A.1) and (A.2) in Appendix Awe conclude that both the BLS and the
ILS estimators can only be applied when y is entirely available. In
practice measurements usually arrive sequentially with ongoing
time. For this case, the use of the SLS estimation scheme may be an
appropriate choice, e.g. if an updated estimate has to be calculated
based on a received measurement sample yk. In literature many
extensions of the presented LS estimation schemes exist [29]. In
general thesemethods showan improved convergence speed at the
cost of an increased computational complexity. In this work, we
propose to approximate the solution of the LS problem by the use of
the following estimation schemes:
 Approximate LS (ALS) estimator: In Ref. [23], we proposed a
novel robust approach to approximate the solution of the linear
LS problem. The so-called ALS estimator offers an inherent low
computational complexity and a low number of additional
required operations (e.g. memory accesses). The concept of the
ALS algorithm is summarized as follows: By using (A.3), (A.2)
can be written as [23]




yi  hTi bxðk1ÞILS ; (4)
with m deﬁning the number of rows of H. VJðbxðk1ÞILS Þ can be inter-
preted as the sum of the partial gradients diðbxðk1ÞILS Þ, which are
given by
di
bxðk1ÞILS  ¼ 2hiyi  hTi bxðk1ÞILS : (5)
The ALS algorithm uses only one of these partial gradients per
iteration. Thus, the ALS successively updates its estimate based
on moving a (small) step m in the negative direction of
dkðbxðk1ÞILS Þ. As shown in Ref. [23], this has the advantage of a
signiﬁcantly lower computational complexity compared to
state-of-the-art LS estimator formulations. Note that in Ref. [23]
a cyclic re-use of the rows of H and an additional averaging
process for the last m iterations have been used. This method-
ology in general reduces the error norm of the ALS estimator.
However, for the application of the ALS algorithm in this work
the following simpliﬁed version of the ALS estimation scheme
has been found to show a sufﬁcient accuracy:
bxðkÞALS ¼ bxðk1ÞALS þ 2mhkyk  hTk bxðk1ÞALS ; (6)
with k¼ 1,…,N,Nm, and bxð0ÞALS ¼ 0 representing the initial value ofbxALS.
 Extended ALS (EALS) estimator: For the EALS estimator, in the
ﬁrst iteration the ALS scheme is used. Subsequently, at iteration
k we propose to update the estimate based on the sum of all
partial gradients which are available up to iteration k  1. The
update equation is given by




yi  hTi bxðk1ÞEALS ; (7)
for k ¼ 1,…,N, N  m. In contrast to (4), in (7) in each iteration the
sum of partial gradients calculated based on the availability of all
measurement samples up to iteration k is used. The calculation of
the ILS and the BLS estimate instead requires the entire availability
of y.
For an appropriate choice of m the error norm
bxðkÞðEÞALS  x2
converges to zero for n ¼ 0 and k / ∞ [23,24]. For n s 0, a
persistent noise-dependent error term remains for the approxi-
mation such that bxðEÞALSsbxBLS [24]. In Table 1, the computational
complexities (in terms of multiplications) of the considered esti-
mation schemes are compared for the assumption of N executed
iteration steps. For the BLS scheme a complexity of 1=6p3 þ p2mþ
pmmultiplications is assumed for the calculation ofHy, i.e. by using
the Cholesky decomposition method [30]. For simplicity, the
needed divisions for the calculation of Kk in the SLS algorithm have
been considered as multiplications in the analysis. The proposed
ALS estimator clearly outperforms its counterparts regarding its
computational complexity, see Table 1. Other advantages are its
reduced number of needed memory access operations, the
simpliﬁed memory management and the simple architecture in
case of a hardware implementation [23,24].
In this work, the performance of the presented estimation
schemes is illustrated based on their application for the estimation
of the battery's SoC, as illustrated in Section 3.3. Application: SoC estimation
This section presents the concept of the proposed EMF predic-
tion methodology and the associated experimental results.
A widely used approach to identify the SoC of a battery is given
by the CC method, which estimates the SoC based on






dSoCðtiÞ deﬁnes the estimated SoC at time instant ti. dSoCðt0Þ is the
estimate of the initial SoC, with t0 being the starting point in time
for the integrating interval. Ib(tj) denotes the measured current rate
and Ts(tj) indicates the sampling time. bhðtjÞ is the estimate of the
battery's charge/discharge efﬁciency and bQmaxðtjÞ deﬁnes the
estimated total (maximum) load-independent capacity of the bat-
tery. In (8) errors in dSoCðt0Þ, bhðtjÞ and bQmaxðtjÞ, as well as inac-
curacies in the measurement of Ib(tj) are accumulated over time.
Additionally, Ts(tj) may vary over time, i.e. due to the temperature-
dependent drift of the output of the system oscillator which is usedTable 1
Complexity comparison of different (exact or approximate) LS
solvers. Here, N is the number of iterations, p the number of
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2 þ 2p2 þ 4p
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ALS N(2p þ 1) [23]
EALS N2þN
2 ð2pþ 1Þto generate the time base for the sampling process. This causes the
SoC estimate to become inaccurate with ongoing time. To
compensate for that, in practice the CC-method is frequently re-
initialized based on so-called relaxation phases.
In Fig. 1, the characteristic of such a relaxation phase is sche-
matically illustrated. Starting at 4.15 V, ﬁrst a 30 min (1800 s)
lasting discharge phase with a current rate of 0.1 C is assumed,
followed by a resting period of 160 min (9600 s) with a current rate
of 0 A. The so-called C-rate deﬁnes a normalized (to the capacity of
the cell) representation of the current rate, i.e. for a 2.2 A h cell, 1 C
deﬁnes a current level of 2.2 A. During the resting period, the OCV
converges to its EMF value Vb,emf(SoC) with ongoing time. ts and te
indicate the resting period's starting and end point in time. tr de-
notes a reference point in time which is introduced for the analysis
of the resting phase. We deﬁne the cell to be in the so-called pre-
relaxation phase as long as DVb/Dt > 5mVs  1. As soon as DVb/
Dt5mVs  1, we deﬁne the cell to be in the so-called relaxation
phase. When reaching the relaxation phase, Vb is practically said to
be relaxed.
In general, the CC-method is mainly (but not exclusively) used
for high-current operatingmodes of a battery-powered application.
In order to compensate for the introduced errors, in practice the CC
approach is usually re-initialized based on the occurrence of low-
current modes of operation, as e.g. the standby operating mode
of a mobile phone. Thereby, the occurring relaxation phases are
utilized as follows: Based on battery characterization, so-called
EMFeSoC tables are derived for different temperatures T. For each
SoC point on a certain grid (e.g. 5% steps of SoC for the grid) a
corresponding EMF value is stored in the table. By applying inter-
polation techniques, dSoC is updated based on the measured OCV/
EMF and the use of the EMFeSoC tables. In practice, the EMFeSoC
tables are typically assumed to be constant for a given temperature.
In Refs. [18,31], it was shown that the EMF depends on the aging of
the cell, as well as on cell-to-cell deviations. Thus, we in general
suggest to consider the aging effect, e.g. by the use of an aging-
dependent correction factor or the use of multiple EMFeSoC
curves per temperature in order to model the aging dependency.
However, for the Sony cell under test the aging of the battery is
found to be negligible. We therefore neglect this effect in the
further considerations in this paper. As illustrated in Fig. 1, it takes
some time until the OCV converges to the EMF, the time needed for
that is denoted as the convergence time Tc. In state-of-the-art
implementations [32], a relaxed state of the OCV is used to up-
date the SoC, which may be detected based on checking if DVb/
Dt 5mVs 1. Alternatively, it may be detected based on evaluating
if the cell current is below a speciﬁed threshold value Ith for a
speciﬁc time period Trelax. Typical values are: Ith ¼ 1/20 C,
Trelax ¼ 30 min (1800 s) [32]. In Ref. [21] we showed that for the
Sanyo cell it is often the case that Tc  Trelax, where Tc has been
identiﬁed to lie in the range of some minutes to several hours,Fig. 1. Battery relaxation phase.
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detection mechanisms may cause a high SoC estimation error
that depends on the operating condition.3.1. Modeling and analysis of the relaxation curves
The most important speciﬁcations of the used cell chemistries
are presented in Table 2. For the batteries under test, ﬁrst the
characteristics of the OCV transients are analyzed regarding
different operating conditions. For that, a so-called galvanostatic
intermittent titration technique (GITT) [5] characterization proce-
dure is applied as follows: First the used cell is fully charged. Then,
discharge pulses with Ib ¼ 0.1 C equivalent to 5% of SoC are
applied (with the length td of the discharge pulse accordingly
given), followed by a period of rest of 3 h (10800 s) with Ib ¼ 0 A,
respectively. In order to analyze the inﬂuence of the applied current
rate, the test has been repeated for Ib¼0.5 C and Ib¼1 C. For the
analysis of temperature and aging effects, the pulse discharge test
has been repeated after Nc ¼ 100/200/300 complete charge/
discharge cycles, or rather for 10 C  T  þ 60 C, in steps of
10 C. The cycling has been performed based on the recommended
charge and discharge current rates, at T ¼ 25 C [27]. The mea-
surements have been performed with the following experimental
environment: For the cycling of the battery and the measurement
of Ib a Keithley 2440 C SourceMeter has been used. For the mea-
surement of the battery voltage, a Keithley 2700 digital multimeter
has been applied. In order to provide a temperature-controlled
environment for the measurements, a V€otsch VTS70185 tempera-
ture chamber has been utilized. The reference value for the SoC is
found with the help of the CC-method by integrating the measured
charge over time. Note that this approach is only valid if the total
testing time is not too long such that the inaccuracies in the mea-
surement of the charge (e.g. caused by the accumulation of the
input offset current of the SourceMeter) are negligible. Further-
more, a reliable knowledge of the total (nominal) capacity of the
battery is needed. Thereby, the capacity is detected by the appli-
cation of a constant discharge test, starting at the fully charged state
and by discharging the battery down to the termination voltage,
where the discharge phase is applied according to the speciﬁed
conditions in the battery datasheet.
In Fig. 2, the dependency of the OCV transients on the operating
condition of the battery is analyzed. In Fig. 2(a)e(d) Vb(t)  Vb(tr) is
plotted, measured for different operating conditions, with
te¼ tsþ 10800 s and tr¼ tsþ 100 s. In general, the voltage response
of a battery is comprised by the contribution of different electro-
chemical effects, e.g. charge transfer or diffusion effects [5]. These
effects are characterized by different individual time constants. In
order to avoid a contribution of effects with a short time constant in
the analysis, tr is introduced and chosen appropriately. The choice
of tr is justiﬁed by the fact that the presented analysis focuses on
the long-term trend of the OCV transients (as we are in particular
interested in the completely relaxed value of the OCV). In Fig. 2(a) it
is shown that the shape of the OCV transient strongly depends on
the SoC, presented for measurements with T ¼ 10 C andTable 2
Cell chemistry speciﬁcations.
Parameter UR18650A LieIon US505456 LiePo
Chemistry LiNiO2egraphite LCOegraphite
Typical capacity 2.25 Ah 1.9 Ah
Nominal voltage 3.6 V 3.7 V
Voltage operating range 3 Ve4.2 V 3 Ve4.2 V
Discharge current 4.3 A 3 A
Cycle life >500 cycles >500 cyclesIb ¼ 0.1 C. In Fig. 2(b), Vb(t)  Vb(tr) is plotted in dependence of Ib,
for 80% SoC and T ¼ 10 C. In Fig. 2(c), Vb(t)  Vb(tr) is plotted
dependent on T, for 80%SoC and Ib ¼ 0.1 C. We conclude that the
OCV transients reach their well-relaxed states much slower for a
decreasing T and an increasing jIbj. In Fig. 2 (d), it is shown that the
shape of the transient depends on aging. An increased cycle num-
ber Nc results in an increased time duration required to reach a
well-relaxed state. In Refs. [21], we showed for the Sanyo cell that
there exist SoC regions for which the opposite is the case, meaning
that the relaxation process accelerates with aging, e.g. at around
25%30% SoC and 60%SoC.
In the next step, the transient characteristic of Voc is analyzed in
more detail (again the analysis is done based on the data which is
extracted from the GITT characterization procedure). Compared to
the considerations for Fig. 2, now the characteristics and de-
pendencies of DVb ¼ Vb(te)  Vb(tr) is analyzed. In Fig. 3(a), the
characteristic of DVb is analyzed with respect to the impact of cell-
to-cell deviations, plotted for the Sony cell for Nc ¼ 300 and
T ¼ 30 C, for Ib ¼ 0.1 C. From the results it is concluded that
obviously DVb is not affected by cell-to-cell deviations, as DVb is
practically coinciding for all 4 cells under test. It is found that this
holds for different chemistries, independent of the aging status of
the battery (independent of Nc). Following that, in Fig. 3(b), the re-
sults with respect to amore detailed analysis of the characteristic of
DVb are presented, shown for a single Sony cell in dependence of
both the temperature and the aging of the battery. The solid lines
representDVb plotted for Nc¼ 10 and different values of T: T¼ 10 C
(black), T ¼ 30+C (lightgray) and T ¼ 50 C (gray). The dotted lines
illustrateDVb plotted forNc¼ 300 and different values of T: T¼ 10 C
(black), T¼ 30 C (lightgray) and T¼ 50 C (gray). From the results it
is concluded that DVb strongly depends on T. Furthermore, it is
observed that for a certain temperature under test DVb is not
signiﬁcantly changing with the aging of the battery. Based on that it
is concluded thatDVb is notmeaningfully changingwithNc,which in
general holds for different values of T. This constitutes a major
ﬁnding of the analysis with respect to DVb, which is e to the best
knowledge of the authors e not described in the existing literature.
In order to utilize that for the identiﬁcation of the internal status of
thebattery, in thenext step the characteristic ofDVb is analyzedwith
respect to the choice of both td and Ib. For that, the battery is dis-
charged with a deﬁned discharge current rate Ib (Ib ¼ 0.5A,
Ib ¼ 0.25A) for a speciﬁed time td (td ¼ 32 min, td ¼ 16 min,
td¼ 8min), starting at the fully charged battery state. In Fig. 4(a), the
characteristic of DVb is analyzed in dependence of the choice of td.
Thereby, DVb is shown for Ib ¼ 0.5A, plotted for the average of 4
different cells at T ¼ 20 C. From the analysis it is concluded that on
the one hand DVb shows a strong dependency on Ib (not shown in
the plot), but on the other hand the impact of different values of td is
shown to be negligible. It is found that this also holds for different
applied values of Ib. This constitutes another major ﬁnding of the
analysis with respect to DVb, which e to the best knowledge of the
authors e is not described in the existing literature.
As a next contribution, the characteristic of DVb is analyzed in
dependence of Ib, for a ﬁxed value of td. In Fig. 4(b), DVb is plotted
with respect to different applied discharge current rates. The black
circle marked data is extracted based on the measurement data
which is obtained by the GITT characterization procedure. The
square and triangular marked data points illustrate the character-
istic of a scaled version of DVb, for Ib ¼ 0.25A and Ib ¼ 0.5A, for
td ¼ 16 min, respectively. Thereby, the scaling of DVb is performed
based on the following approach1: For instance, for Ib ¼ 0.25A,1 The use of this methodology is justiﬁed by the fact that in Fig. 4 (a) it is shown
that DVb is more or less independent of td.
Fig. 2. Relaxation curves: Sony LiePo cell.
Fig. 3. DVb, in dependence of T, Nc and cell-to-cell deviations.
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quasi related to Ib¼ 0A. In order to compare DVb (Ib¼0.25A) with
DVb (Ib ¼ 0.2A), DVb is scaled back by the factor 0.2. This results in
an overall scaling factor of 0.8 for Ib ¼ 0.25A, and 0.4 for
Ib ¼ 0.5A. Based on the illustrated results it is concluded that,
besides the practical independence on td, DVb in addition is scalable
depending on the value of Ib (in the plot DVb is scaled for theexamining case of Ib ¼ 0.2A). In this work it is proposed to utilize
the information about the characteristic of DVb in order to estimate
the SoC of the battery. For that, the use of the following approach is
proposed: Based on the presented results it is observed that DVb
shows a strong dependency on both T and Ib, but on the other hand
it onlymarginally depends on td and the aging of the battery. Thus it
is proposed to use so-called DVbeSoC tables for different
Fig. 4. DVb, in dependence of Ib and.td
C. Unterrieder et al. / Journal of Power Sources 278 (2015) 274e286 279temperatures T. Thereby, for each SoC point on a certain grid a
corresponding value of DVb is stored in the table, for Ib ¼ 0.1 C.
Continuative, the value of DVb which corresponds to the current
operating conditions is proposed to be extracted by scaling the
entries of the table by the measured value of Ib (Ib is e.g. measured
right before the start of the OCV resting phase, e.g. by averaging the
current ﬂow corresponding to the last 5 min of the preceding
discharge phase). Compared to the state-of-the-art, the proposed
methodology is unique, and to the best knowledge of the authors it
is not described in the existing literature.
In the next step we present a novel mathematical model that is
able to describe the OCV transients for all possible operating con-
ditions, and that can be applied to different cell chemistries. In
particular, the OCV transient is modeled by





where Vp, z, b and h denote the model parameters. Vb(t) describes
the OCV transient and ε(t) is the model's random error term. G
equals ±1, depending on an occurring relaxation process after
charge or discharge (þ1 in the case of a discharge scenario). We
developed (9) by applying nonlinear LS estimation. The goodness of
ﬁt for potential model descriptions has been evaluated at different
operating conditions in terms of the following statistics: sum of
squared errors (SSE), root-mean-squared error (RMSE) and the
squared correlation coefﬁcient (R-square). In this work, the pre-
sented voltage model will be used in the context of the proposed
EMF prediction method.3.2. EMF/SoC estimation
In this section we present an OCV extrapolation method which
allows for a frequent re-initialization of the CCmethod. In practice a
relaxed state of the OCV transients is rarely given. Thus, we propose
to predict the cell's EMF based on the occurrence of short phases of
negligible loads. In existing implementations [20e22], the extrap-
olation step is performed based on measurement data captured
during both the pre-relaxation phase and the relaxation phase. In
order to achieve a high accuracy, e.g. to deal with the hysteresis
effect [33], we propose to predict the EMF based on the additional
use of information from the preceding charge/discharge phase, and
based on data which is extracted from cell characterization.
Recently, we presented a voltage model based SLS estimation
approach to predict the EMF [21]. In this work, we present the
corresponding steps for the application of the (E)ALS estimator and
the use of the novel model description given by (9). We will nowshow that for a ﬁxed guess of Vp (9) can be formulated in the form
of a linear LS estimation problem. We assume a discharge scenario





2 ¼ C þ A1
t





where C, A and D are given by
C ¼ 2logeðzÞ;A ¼ 2b;D ¼ 2h: (11)
(10) can be formulated in a linear form with tk ¼ t1,…,tN,
x ¼ (C,A,D)T, ytk(Vb(tk),Vp) ¼ 2loge(Vp  Vb(tk)),




 ¼ hTtkx þ εðtkÞ: (12)
tk is the point in time at which measurements of the cell voltage Vb
are recorded. ytk represent the measurements of the LS estimation
problem. For a ﬁxed guess of Vp, x could in principle be estimated by
the use of a linear LS estimator. This would lead to solutions which
minimize the LS cost function with respect to a particular choice of
Vp. Theoretically, Vp could be found by performing a grid search,
which would require to solve the linear LS problem for each po-
tential value of Vp on the grid [21]. Due to its complexity, this
approach is usually not feasible in practical implementations. Thus,
we use a modiﬁed estimation strategy where the estimate bV p of Vp
is iteratively updated by Ref. [21]




(13) is motivated based on the rearrangement of the term
ytk ðVbðtkÞ;Vp;tk Þ ¼ 2logeðVp;tk  VbðtkÞÞ. A reliable initial guess forbV p has been found to be given by bV p;t0 ¼ VbðtsÞ þ 0:8V, where Vb(ts)
is obtained by the measurement of the cell voltage at ts. The chal-
lenge now is on the one hand to apply the proposed (E)ALS esti-
mator, and otherwise to evaluate (13). Due to the uncertainty in Vp
in (12) we do not have a perfect knowledge about ytk . To deal with
that, we use a kind of virtual measurement, given by
~ytk ¼ ytk

VbðtkÞ; bV p;tk1; (14)
where bV p;tk1 denotes the best available estimate of Vp, at the time
instant tk1. By analyzing (13) we conclude that for the calculation
of bV p;tk an updated estimate bytk of ytk is required. bytk is proposed to
be calculated based on the best available guess bxðkÞðEÞALS of xðkÞðEÞALS
C. Unterrieder et al. / Journal of Power Sources 278 (2015) 274e286280after updating the (E)ALS estimate. For extrapolating the OCV based
on the ALS approach, this ﬁnally leads to an iteratively applied set of
equations, given by
bxðkÞALS ¼ bxðk1ÞALS þ 2mhk~ytk  hTk bxðk1ÞALS ; (15)
bytk ¼ hTk bxðkÞALS; (16)




Based on the application of (15)e(17), new estimates of C, A and
D are obtained at each time instant tk. For the EALS estimator, (15) is
replaced by (7), and for the calculation of bytk in (16) instead of bxðkÞALS,bxðkÞEALS is used. Based on (11) and (13) we can then evaluate (9) at tk
for an arbitrary point in time. The evaluation point in time Teval is
chosen to Teval ¼ 3 h (10800 s), yielding bV bðTeval ¼ 10800sÞ. In
doing so it is assumed that after 3 h the voltage transient has
reached its EMF (an assumption that was validated by labFig. 5. EMF prediction method: Flow chart.measurements). Note that with the help of the OCV values
measured in the early phase of the voltage transient the voltage
Vb,emf is estimated which compared to the early time instants tk
corresponds to a temporally much later point in time. In general,
Teval may be chosen dependent on operating conditions like the
temperature or the SoC. A ﬂow chart of the proposed EMF predic-
tion methodology is presented in Fig. 5. After the detection of the
pre-relaxation phase and the initialization of the (E)ALS estimator,
measurements of Vb, Ib and Q (accumulated charge during the pre-
relaxation/relaxation phase) are conducted at tk. Based on these
measurements, it is decided if the proposed EMF method is pro-
cessed, or if we rely on CC for the determination of the SoC. For
instance, during the pre-relaxation/relaxation phase it is switched to
CC if the accumulated charge exceeds a pre-deﬁned threshold. In
this case the EMF prediction methodology is skipped, as Vb is
affected by the impedance of the battery. After each iteration of the
estimation process a decision is taken whether the calculated es-
timate of Vb,emf is reliable or not. As the decision criterion, the
number of processed iterations may be used.
In Fig. 6 we show that the proposed ALS estimator may be used
to predict the EMF, with the advantage of a reduced overall
complexity. In Fig. 6(a), the basic principle of the proposed EMF
prediction method is presented based on a single OCV relaxation
curve at 25% SoC (measured for the Sanyo cell). The black solid line
shows the measured OCV transient, denoted by Vb(t). The black
dashed line shows the predicted EMF values bV bðTevalÞ, obtained by
applying the ALS estimator with m ¼ 5,213z 6,104. tk is chosen
to tk¼ [30þ k,100]s, with k2ℕ∪f0g. This particular choice of tk has
been found based on the application of a constrained nonlinear
optimization strategy [34]. The gray solid lines show the end value
of the relaxation process Vb,emf(t ¼ 3 h) ¼ Vb,emf(t ¼ 10800 s), plus/
minus a pre-deﬁned threshold value Vth (i.e. Vth ¼ 3 mV). The
choice of Vth corresponds to a targeted SoC estimation accuracy of
1%. For the considered test case, bV bðTevalÞ lies within the 1%
threshold region after Tp¼ 8 min (480 s). In contrast, Vb(t) is within
the speciﬁed accuracy only after around Tm ¼ 130 min (7800 s).
Thus, the proposedmethod is able to obtain a reliable EMF estimate
more than 13 times faster compared to the state-of-the-art
approach [32], which relies on the long-term measurement of the
OCV. Resting periods in the order of 20min (1200 s) andmore occur
rarely in today's applications. In contrast, relaxation phases in the
order of some minutes (e.g. 10 min ¼ 600 s) may appear regularly
in practice. Thus, the proposed approach allows for a more frequent
re-initialization of the CC-method. Algorithms which track the ca-
pacity of the battery usually rely on the availability of consecutive
relaxation phases [35]. Thus, the proposed method increases the
frequency with that the capacity of the cell can be updated, which
otherwise positively inﬂuences the CC estimation accuracy. Vth in
Fig. 6(a) depends on the cell chemistry (it depends on the steepness
of the cell's EMFeSoC curve) and on the targeted estimation ac-
curacy. In Fig. 6(b), Vth is shown in dependence of the SoC. The gray
solid line indicates Vth(SoC) for a targeted accuracy of 2%, the black
dashed line corresponds to an SoC accuracy of 1%, shown for the
Sanyo LieIon cell. As illustrated, a higher targeted estimation ac-
curacy narrows the threshold region formed by Vb,emf± Vth. Vth it-
self is found based on both the use of the EMFeSoC tables obtained
by cell characterization and the application of interpolation tech-
niques. eSoC, given by
eSoC ¼
SoC dSoCbV bðTevalÞ; (18)
is deﬁned as the estimation error for the SoC. dSoCðbV bðTevalÞÞ de-
notes the SoC estimate based on bV bðTevalÞ. dSoC is obtained based on
the use of the EMFeSoC tables, and by applying interpolation
Fig. 6. EMF prediction based on OCV extrapolation.
Fig. 7. OCV extrapolation: Fixed-point implementation.
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4. Experimental results
This section presents design guidelines and results for the
implementation of the proposed OCV extrapolation method on a
fuel gauge system on chip.
4.1. Fixed-point implementation
In order to identify the best choice of the estimation scheme for
an implementation in ﬁxed-point arithmetic, subsequently, the
different LS estimators introduced in Section 2 are analyzed in
more detail. For the application under test, the voltage samples
arrive sequentially with ongoing time. The BLS and the ILS esti-
mators have the practical disadvantage that they require the
availability of the entire measurement vector for their calculation.
Moreover, additional buffering memories are needed for their
implementation. Thus, we do not consider both the BLS and the ILS
estimator for the implementation. The residual estimation schemes
have been implemented on the Inﬁneon fuel gauge system on chip,
for which several mathematical functions (log, exp, …) have been
approximated via a corresponding ﬁxed-point implementation. In
practice, bit widths B above 32 are usually not feasible. Subse-
quently, the implemented estimators are compared regarding two
assessment criteria, the performance regarding Tp, and the mini-
mum required internal bit width.
The ﬁxed-point implementations of the estimation schemes
have been validated based on both extensive simulations and
measurements at different operating conditions. In the following,
we present one representative measurement result. In Fig. 7, the
performance of the implemented estimators is compared for the
measurement of a single OCV transient (black solid line), measured
for the Sony LiePo cell at 80% SoC, with T ¼ 10 C and Ib ¼ 0.5 C.
The dash-dotted lines represent the predicted EMF values by
applying the SLS estimator for the assumption of B ¼ 32 (gray), or
rather B ¼ 48 (black). For both the ALS and the EALS scheme, we
used m¼ 213, bxð0ÞALS ¼ bxð0ÞEALS ¼ 0 and B¼ 14. We conclude that in this
ﬁxed-point environment the ALS (black dashed line) and the EALS
(black dotted line) schemes clearly outperform the SLS estimator in
terms of the performancewith respect to Tp. The SLS algorithmmay
be initialized either by using the BLS estimator, or by starting withbxð0ÞSLS and S0 [28]. For the initialization, in this work the latter
method is used, which is justiﬁed by the adverse properties of theBLS estimator with respect to its implementation (e.g. required
buffering memories, computational complexity, etc.). In order to
minimize the biasing effect towards bxð0ÞSLS for the chosen initializa-
tion method, S0 should be chosen to cI, with c a large number,
ideally inﬁnity, practically the maximum available value of the
chosen number format. As a consequence, the SLS estimator yields
an overshoot in the predicted EMF curve. For B ¼ 32, we achieve
Tp ¼ 35 min (2100 s). Increasing B to B ¼ 48 decreases the strength
of the overshoot, yielding Tp ¼ 20 min (1200 s), see Fig. 7. Never-
theless, internal bit widths of 48 are typically not feasible in prac-
tice. Note that compared to the SLS scheme, for the (E)ALS
estimator, B in general can be chosen signiﬁcantly lower. To sum-
marize, for the given application the ALS scheme offers highly
promising properties with respect to the estimation accuracy and
the internal bit width. This constitutes a big advantage of the (E)ALS
scheme with respect to an intended software implementation,
especially if B is limited to 16 as it is the case for many commercial
systems.
From a signal processing perspective, the processing time rep-
resents a non-critical requirement, since there is enough time
available until the next estimate is processed. Nevertheless, in or-
der to keep the power consumption low the estimation process
should preferably be ﬁnalized within a short time duration (with a
sufﬁcient level of precision). Both the EALS and the ALS estimator
yield almost the same performance with respect to Tp, but the ALS
estimator has a reduced computational complexity compared to its
EALS counterpart, see Table 1. Thus, the ALS estimator is the esti-
mation scheme of choice for the further considerations in this
work.
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Next, a statement on the required word sizeM of the analog-to-
digital converter (ADC) is derived based on simulations. For that,
we analyze the implementation of the ALS estimator based on
different values ofM, as illustrated in Fig. 8(a). For the simulation, it
is assumed that the ADC uses an input voltage range of 0 to 5 V. The
black dashed curve shows the measured OCV transient. The gray
dashed line shows the estimated EMF values resulting from a
ﬂoating-point implementation of the estimator. The solid curves
show the results for a corresponding ﬁxed-point implementation,
with different choices of M: M ¼ 11 (gray) and M ¼ 15 (black). As
demonstrated, by increasing M, the quantization step size of the
ADC is reduced, which improves the quality of the internal voltage
representation. In general, the required ADC word size is deter-
mined by the steepness of the cell's EMFeSoC curve. In order to
estimate the SoCwith an accuracy better than 1%, we suggest to use
a minimum ADC word length of M ¼ 13 for the considered voltage
input range. This corresponds to a quantization step size of about
0.6 mV. In order to account for the use of future cell chemistries, i.e.
the LiFePO4 technology (very ﬂat EMFeSoC curve), in the frame-
work of this workwe have chosenM¼ 15. For the given application,
a high resolution of the ADC is a strict requirement.
4.3. Analysis: setting of the iteration step width
In the above considerations a ﬁxed setting of m has been used for
the ALS estimation scheme (i.e. m ¼ 213). In the next step, we
analyze the inﬂuence of the choice of m. In Ref. [24] we show that









where ml is a lower bound and mu represents an upper bound for m.
mu is given by the choice of the relaxation voltage model, i.e.
mu z 1370,213 for the presented model. We set m as m ¼ d,213
with d2ℕþ (the natural numbers without the zero) such thatFig. 8. EMF prediction: Analysis on the setting of m and M.m < mu. In Fig. 8(b), we demonstrate the inﬂuence of the choice of m
on Tp. The gray dashed (d¼ 1), the gray dash-dotted (d¼ 4) and the
black dash-dotted (d ¼ 8) lines show the predicted EMF values
dependent on d. m may alternatively be set in an adaptive manner
(black dashed curve), e.g. by using
mk ¼ ð2þ 2$kÞ$213; (20)
where k is chosen such that (19) is satisﬁed. It is observed that by
increasing d, Tp is reduced up to a certain limit. When increasing
d further, the predicted EMF curve may show an overshoot (see
black dash-dotted line). This is caused by the ampliﬁcation of the
error term ε if an increased value for m is used. The optimal choice of
m in the sense of minimizing Tp depends on several factors such as
the SoC, Ib and T. Thus, it is proposed to choose m based on the use of
information from the cell characterization phase (DVbeSoC tables),
and based on information which is obtained during the preceding
charge/discharge phase (measurement of Ib) as follows: Based on
the DVbeSoC tables, DVb is determined for the current SoC (where
an estimate of the SoC is e.g. obtained by the CC-method). Based on
the measurement of Ib and T prior to the pre-relaxation phase, Ib is
averaged based on the last 5 min of the discharge phase, the value
of DVb stored in the table is then scaled to the actual measured
value of Ib. For instance, if Ib ¼ 0.5 C, ﬁrst DVb is scaled to 0A by a
division through the factor 0.1 (the stored value of DVb in the table
corresponds to Ib¼ 0.1 C), and then DVb is scaled back to the case of
Ib¼ 0.5 C by performing a multiplicationwith a multiplicator of 0.5.
Based on that, a reliable choice of m is found to be given by m¼ DVb/
32 (DVb-based choice of m).
5. Results and discussion
In this section, experimental results are presented, on the basis
of a pulse discharge test and based on the measurement of a GSM/
UMTS load current proﬁle of a mobile phone. Furthermore, the
signiﬁcance of the presented results is discussed.
5.1. Performance evaluation based on a pulse discharge test
Subsequently, the performance of the proposed EMF prediction
method is evaluated based on a set of measured voltage proﬁles.
The proﬁles under test have beenmeasured based on the used GITT
characterization procedure presented in Section 3. The proposed
method has been applied for the collectivity of occurring OCV re-
covery phases. The performance regarding Tp and Tm is evaluated
for two different cells: For the Sanyo cell in Fig. 9(a), (b) and for the
Sony cell in Fig. 9 (c)-(d), in (a) and (c) for T ¼ 30 C and in (b) and
(d) for T ¼ 10 C, Ib ¼ 0.1 C, Nc ¼ 100 and eSoC ¼ 1%, respectively.
The gray and the black bars represent Tm and Tp. For the ALS esti-
mator, m has been set according to (20). We conclude that Tp de-
pends on the SoC and on T, and that the proposed method clearly
outperforms the OCV measurement based approach. This means
that a high-accurate SoC update may be achieved much earlier and
more frequently compared to the state-of-the-art (by assuming
that appropriate resting periods occur). For the Sanyo cell, for
T ¼ 30 C, we achieve Tp ¼ 3 min (180 s), independent of the SoC.
For T ¼ 10 C, Tp depends on the SoC. The results for the Sony cell
are presented in Fig. 9(c), (d). It is observed that Tp increases with
decreasing temperatures, caused by the slowdown of the voltage
transients for low temperatures. In contrast, for high temperatures
a reliable EMF estimate may be achieved faster. Note that compared
to the Sanyo cell, the worst-case values of Tp are much higher. In
particular, compared to Fig. 9(a), in Fig. 9(c) Tp is not constant over
the SoC. The reason for that is the increased impedance of the Sony
cell compared to that of the Sanyo cell. In Fig. 10(a)e(d), Tm and Tp
Fig. 9. EMF prediction: Tm vs. Tp, adaptive choice of m.
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to above, the DVb-based choice of m is used. Note that for the results
presented in Fig. 10(a)e(d) another cell of the same chemistry has
been used, in order to cover cell-to-cell deviations in the evalua-
tion. For the considered test cases, Tp is mostly in the order of
3e5 min (worst-case value: Tp ¼ 12 m). Note that compared to the
results presented in Fig. 9(c), (d), the worst-case values for Tp are
signiﬁcantly reduced, mainly due to the more sophisticated choice
of m. In practice, resting phases in the order of 3e15 min are quite
common, which allows to re-initialize the CC method more
frequently compared to the state-of-the-art.
5.2. Inﬂuence of a non-zero current ﬂow during relaxation
In the above considerations it was assumed that Ib ¼ 0A during
the pre-relaxation/relaxation phase. In practice, the following two
scenarios may occur:
 continuous discharge current (e.g. standby current), or
 current peaks,
where the peaks e.g. are caused by periodic discharge activities (e.g.
caused by a GSM signal). Subsequently, the impact on the EMF
prediction result is analyzed with respect to the both mentioned
scenarios. First, the case of a continuous current ﬂow during the
pre-relaxation/relaxation phase is considered. As long as Ib is low,
the presence of the current ﬂow does not represent a signiﬁcant
performance degradation issue for the proposed EMF prediction
method.2 For the case that Ib is not negligible, Ib causes Vb to get2 Since the EMF voltage is predicted based on the ﬁrst minutes of the pre-
relaxation phase, the information about the continuous current ﬂow over the whole
duration of the OCV recovery phase is not that important.decreased (for the case of a discharge scenario), as it is illustrated by
the black solid line in Fig. 11. Thereby, during the ﬁrst 15 m of the
pre-relaxation phase a discharge current rate of Ib ¼ 30 mA is
applied. After that, Ib is set to 0 A, in order to allow the OCV to
converge to the EMF voltage. In the following, this EMF voltage
serves as a reference, which is used to be estimated by the proposed
EMF prediction method. By applying the suggested methodology
(dark gray solid line), it is observed that eSoC > 1%, for t < 15 min
(900 s). In order to compensate for the estimation error, the use of
the following compensation method is proposed: Based on the use
of a so-called zieSoC table,3 where zi indicates the impedance of the
battery, the voltage drop is compensated based on the measured
value of Ib, and based on the SoC-dependent value of zi. This is
illustrated by the black dashed line in Fig. 11. Thereby, zi is extracted
from the zieSoC table based on the SoC estimate which is obtained
by CC, and based on interpolation. By applying the EMF prediction
method based on the compensated values of Vb, which is illustrated
by the gray dotted line, it is observed that an estimation accuracy
better than 1% is achieved within 3 min (180 s). Based on that it is
concluded that if a reliable knowledge of zi is available, then the
proposed extrapolation methodology is able to compensate for a
continuous current ﬂow.
In general, the occurrence of current peaks during the pre-
relaxation and/or the relaxation phase represents the more critical
situation, since they may distort the voltage samples which are
used to predict the EMF. In Fig. 12, the impact of occurring current
peaks on the estimation performance is analyzed based on simu-
lations. The black dashed line shows Vb(t) plus some uniformly
distributed noise term n(t). n(t) is caused by current peaks which3 The zieSoC table is obtained based on the characterization of the battery, for
Ib ¼ 0.1 C. During the runtime of the battery, the zieSoC table may be updated
based on the approach suggested in Ref. [33].
Fig. 10. EMF prediction: Tm vs. Tp, DVb-based choice of m.
Fig. 11. Inﬂuence of Ib s 0 during the OCV recovery phase: Compensation of a
continuous current ﬂow during the prediction process.
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assumed. The gray solid line, the black dotted line and the gray
dotted line show the predicted EMF values by applying the pro-
posed estimation method, with following assumptions: gray solidFig. 12. Inﬂuence of Ib s 0 during the OCV recovery phase: Handling of occurring
current peaks during the estimation process.line (n(t) ¼ 0), gray dotted line (n(t) s 0), black dotted line (pulse
skip mode). We propose to use an operating mode that we call
pulse skip mode (PSM) as follows: Whenever a relatively high
current ﬂow is detected during the pre-relaxation/relaxation phase,
the current voltage sample is skipped and the ALS estimator is
halted (the estimate is not updated at this point in time). If at the
next sampling point the current ﬂow is low, the estimate is updated
again. From Fig. 12 we conclude that without the use of the PSM the
proposed method is not able to provide an EMF estimate within the
speciﬁed accuracy of 1% (gray dotted line). By applying the PSM, theFig. 13. EMF prediction: GSM/UMTS idle mode.
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current peaks is signiﬁcantly attenuated. Nevertheless, if the overall
net charge integrated during the pre-relaxation/relaxation phase
exceeds a pre-deﬁned threshold, e.g. 10 As, then the use of the EMF
prediction method is skipped. In this case, the SoC is updated based
on CC only.
5.3. Performance evaluation for a GSM/UMTS current proﬁle
As a ﬁnal result, we demonstrate the effectiveness of the pro-
posed EMF prediction method in reference to a realistic application
scenario, based on the measurement of a load current proﬁle of a
mobile phone in GSM/UMTS idle mode. In Fig. 13(a) the measured
load current pattern is plotted, Fig.13(b) shows the reported SoC for
the reference (SoCref, black solid line), the combined use of the CC-
method and the OCV measurement approach (“method 1”, gray
dashed line) and the combined use of the CC-method and the
proposed EMF prediction method (“method 2”, black dash-dotted
line). The load current is given by the sum of both a continuous
current ﬂow (about 4 mA on average) and periodically appearing
discharge pulses, which are superimposed to the continuous cur-
rent ﬂow, see Fig. 13(a). It has been assumed that both “method 1”
and “method 2” show an initial deviation from SoCref of 5% at t ¼ 0.
For “method 1” 30 min (1800 s) lasting periods of rest are used
during which jIbj < 0.1 A, before updating the SoC based on the OCV
measurement (typical assumption [32]). From Fig. 13 (b) we
conclude that “method 1” is not able to correct the initial SoC error
over time. This is mainly due to the periodic occurring discharge
pulses which regularly cause “method 1” to re-initialize its timer
unit for the detection of the 30 min (1800 s) lasting resting period.
Differently, the proposed “method 2” is able to correct for the initial
SoC error over time because the resting phases between the current
pulses are long enough to obtain a reliable EMF estimate. “Method
2” does not immediately stop the estimation process when a short
discharge pulse occurs, it is just aborted if the overall net charge
exceeds a pre-deﬁned limit. By analyzing Fig. 13(b), an overshoot in
the estimated SoC value can be identiﬁed for the proposed method
(quite after the occurrence of the discharge pulses, indicated byⒾ).
This overshoot is caused by the initialization phases of the ALS
scheme. As the estimated SoC values are not reliable for these
phases, we propose to rely on the CC method for the ﬁrst 3 min of
the pre-relaxation phase, and to rely on the EMF estimate after this
period. For the considered test case, the proposed method is able to
re-initialize the CC-method with an accuracy better than 0.5%. For
“method 1”, there remains a persistent error in the order of the
initial 5%. For this particular test scenario “method 1” never re-
initializes the CC-method, thus the accuracy ﬁnally corresponds
to the accuracy achieved by the use of CC.
6. Conclusion
In this work, a battery open-circuit voltage extrapolation
method is presented that uses a modiﬁed version of the approxi-
mate least squares estimation scheme for the estimation process.
The proposed scheme is applied to battery state-of-charge esti-
mation. By predicting the battery's electromotive force, the sug-
gested approach allows for a highly improved re-initialization of
the Coulomb counting based state-of-charge estimation method.
The proposed methodology makes use of the EMFeSoC table based
re-calibration method. Depending on the operation conditions the
suggested extrapolation method requires periods of low loads of
only 3e12 min duration to be able to deliver an accurate EMF es-
timate. In contrast, the purely OCV measurement based approach
requires waiting times up to 130 min for the considered test cases.
The presented algorithm has been optimized by using informationof the battery characterization phase for the estimation process. For
validation, the proposed estimation scheme has been implemented
on an Inﬁneon fuel gauge system on chip, and it has been tested in
dependence of different inﬂuence factors like the temperature, the
state-of-charge and the applied discharge current rate. Experi-
mental results are shown for measurements of lithium cells of
different chemistries. For the considered test case of a GSM/UMTS
load current pattern of a mobile phone, the presented approach
signiﬁcantly outperforms the state-of-the-art method in terms of
the state-of-charge estimation accuracy.Appendix A. Least-squares estimation schemes
In Appendix A we brieﬂy recapitulate the main equations of the
state-of-the-art least squares estimation schemes BLS, ILS, and SLS.
In general, the solution bx of a linear LS estimation problem may be
determined by the use of the following state-of-the-art
approaches:
 Batch LS (BLS) estimator [28]:
bxBLS ¼ Hyy; (A.1)
with Hy ¼ ðHTHÞ1HT as the pseudoinverse of H and bxBLS being the
solution of the BLS estimation process.
 Iterative LS (ILS) estimator [29]:
bxðkÞILS ¼ bxðk1ÞILS  mVJbxðk1ÞILS ; (A.2)
where bxðkÞILS and bxðk1ÞILS represent the solutions of the ILS estimation
process for iteration k and k  1, respectively. VJðbxðk1ÞILS Þ deﬁnes the
gradient of the LS error paraboloid at bxðk1ÞILS , given by
VJ
bxðk1ÞILS  ¼ 2HTy þ 2HTHbxðk1ÞILS : (A.3)





with s1(H) being the largest singular value ofH, then bxðkÞILS converges
to bxBLS for k/ ∞ [29].
 Sequential LS (SLS) estimator [28]:
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with the gain vector Kk2ℝp1 and Sk2ℝpp.
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